For the Hermitian curve H defined over the finite field F q 2, we give a complete classification of Galois coverings of H of prime degree. The corresponding quotient curves turn out to be special cases of wider families of curves F q 2-covered by H arising from subgroups of the special linear group SL(2, F q ) or from subgroups in the normaliser of the Singer group of the projective unitary group PGU(3, F q 2). Since curves F q 2-covered by H are maximal over F q 2, our results provide some classification and existence theorems for maximal curves having large genus, as well as several values for the spectrum of the genera of maximal curves. For every q 2 , both the upper limit and the second largest genus in the spectrum are known, but the determination of the third largest value is still in progress. A discussion on the "third largest genus problem" including some new results and a detailed account of current work is given.
INTRODUCTION
In the current study of algebraic geometry in positive characteristic there is a growing interest to curves which are defined over a finite field F and have many F-rational points. Such curves, In fact, H is the only F q 2-maximal curve, up to isomorphism, of genus q(q -1)/2 [?] and has a very large automorphism group (over Fq2), namely Aut(H) = PG77 (3, Fq2) . Moreover, all F q 2-quotient curves ofH are also F q 2-maximal, see [?] , Proposition 6. So, it would be of interest to solve the above mentioned open problem for quotient curves arising from automorphism groups of small order. The key to the solution is to classify all quotient curves of H arising from automorphisms of prime order; in other words to give a complete classification of Galois F q 2-coverings π : TC -> X of prime degree. This is actually the main goal in the present paper.
Theorem ?? states that only five types of such coverings exist. It should be noted that almost all explicit examples of maximal curves in the literature are quotient curves of H. This suggests that Theorem 2.1 might be an essential step toward the complete solution to the spectrum problem for maximal curves having large genus. For this reason, Theorem 2.1 also gives some further useful information, such as an explicit equation for a plane model of the covered curve.
Actually, all these curves appear in previous work as special cases of wider families, see Remark ??. Some new information will be given in Sections ?? and ??, such as curves of types (I), (II), (III) and (IV) in Theorem ?? can be obtained from subgroups of prime order of SL (2, F q ) while those of class (V) from the Singer group S of H. This gives a motivation for the study of quotient curves arising from subgroups of SL (2,F q ) or from subgroups of the normaliser in S.
In Section ??, a variant of the classical Riemann-Hurwitz formula will be stated which allows a straightforward computation of the genus of all such but tame curves. However, the apparently 
where u, v e F q 2. If both u and v only range in the subgroup M of order 3 j of F* 2 , then the above automorphisms form a group of order 3 j+1 which is a Sylow 3-subgroup R3 of PGU (3, Fq2) .
Note that R3 is the semidirect product of C3 x C^ by C", where C 3 j = (0 e ,i), C^ = (0i, e ), 2) , and hence it is conjugate to Cd = (To) as given in (V), see [?] .
• Now we are in a position to prove Theorem 2.1.
Proof of Theorem 2.1. For each of the subgroups Cd = (Td) listed in Proposition ??(I)-(IV)
we will determine a F q 2-plane model for the quotient curve H/Cd, or equivalently the subfield
For the case (V) we will determine E' = F q 3(H/Cd). Afterwards we compute the genus of E'. 
Then there exists c( 
It can easily be seen that the extensions
are absolutely irreducible (i.e., the relative degrees of the fields involved do not change if one extends the base field from F q 2 to its algebraic closure). Also easily seen are:
and H'{z) = H . 
Then f{x',y') = 0, and we see that f(X,Y) is F g -irreducible arguing as in the proof of (III).
Since Td has no fixed point on H, the Riemann-Hurwitz formula applied to TC H> /Cd gives written in the above claim, is absolutely irreducible using arguments to the ones in Remark 2.5. Let G be a subgroup of Γ. The following lemma shows that the action of G on the affine points of H is semi-regular, i.e. each point-orbit of affine points of H under G has length equal to the order of G.
Lemma 3.1. Let τ G Γ and P GTL an affine point such that Τ(P) = P. Then τ is the identity map.
Proof. It follows from (??) and the fact that α q = α for each aeF g .
• From now on we assume that G is tame and investigate the action of G on the set I := £nTL, consisting of all points (1 : m : 0),m G F q , together with (0:1: 0). Since Γ acts on I as PSL(2,F q ) in its natural 2-transitive permutation representation on P 1 (F q ), we have actually to consider G instead of G, where G is the image of G under the canonical epimorphism
<t> :T ^ SL(2,F q ) ^ PSL(2,F q ).
Note that the kernel of φ is trivial for p = 2, otherwise it is the subgroup of order 2 generated by the automorphism
(X,Y,Z) i -> (-X,-Y,Z).
Hence either ord(G) = 2ord(G) or ord(G) = ord(G), and in the later case ord(G) must be odd.
According to the classification of subgroups of PSL(2,F q )
[?], Hauptsatz 8.27, the tame subgroup G is one of the following groups: Case 3.5. For P e P 1 (Fq), let S be the stabilizer of P under Sym4. We show first that S is either trivial, or isomorphic to any of the following cyclic groups: C2,C3, or C4. If S ^ C3, then S contains an involution τ that fixes a point Q / P. Since PSL(2, F q ) is 2-transitive on P 1 (F q ), we may assume that P is the infinite point and Q is the origin. The above discussion proves the following results:
(I) For q = 1 (mod 4) and q = 1 (mod 3), G has one orbit of length 6, one orbit of length 8, one orbit of length 12 and each other orbit has length 24.
(II) For q = 1 (mod 4) and q = 2 (mod 3), G has one orbit of length 6, one orbit of length 12
and each other orbit has length 24.
(III) For q = 3 (mod 4) and q = 1 (mod 3), G has one orbit of length 8, and each other orbit has length 24.
(IV) For q = 3 (mod 4) and q = 2 (mod 3), each orbit under G has length 24.
Case 3.6. A repetition of the arguments used above shows that the following cases occur:
(I) For q = 1 (mod 4) and q = 1 (mod 3), G has two orbits of length 4, one orbit of length 6
and each other orbit has length 12.
(II) For q = 1 (mod 4) and q = 2 (mod 3), G has one orbit of length 6 and each other orbit has length 12.
(III) For q = 3 (mod 4) and q = 1 (mod 3), G has two orbits of length 4 and each other orbit has length 12.
(IV) For q = 3 (mod 4) and q = 2 (mod 43), each orbit under G has length 12.
Case 3.7. Similar arguments can be used to prove the following. to G, provided that G is tame. We stress that such curves are F q 2-maximal.
To state Lemma ?? let X denote a curve of genus g and H a subgroup of Aut( X ). Let g' be the genus of the quotient curve X/H and suppose that the natural morphism π : X -> X/H is separable. Then the Riemann-Hurwitz formula applied to π states
where n is the order of H and δ is the degree of the ramification divisor D associated to π. For
Note that 4f^~l(^(P)) = n/nP and that NQ = nP for each Q e 7r~1(7r(P)). Now assume that H is tame, so that p does not divide nP for each P e X, and the multiplicity of D at P is (nP -1). As a matter of terminology, the orbit of P is said to be small if it consists of less than n elements. 
THE GENUS OF MAXIMAL CURVES ARISING FROM WEAKLY TAME SUBGROUPS OF THE NORMALISER OF A SLNGER SUBGROUP IN PSU(3,F Q 2)
The automorphism group Aut(H) of the Hermitian curve H contains cyclic groups of order A straightforward computation shows that each of these automorphisms has three fixed points, namely Fix(^)={(e:e 2 :l),(l:e:e 2 ),(e 2 :l:e)};
Note that Fix(h0) is disjoint from H, while both Fix(h1) and Fix(h2) lie on H. Also, h0 induces a 3-cycle on both Fix(h1) and Fix(h2). It turns out that G has two more short orbits, both of length n. As before, this gives g = (q 2 -q -n + 1)/6n. Finally, let n ^ 0 (mod 3). As In particular, m1(π(Pi)) = (2q -1)/3 and m2(π(Pi)) = q. On the other hand, the only possibility for the Weierstrass semigroup H(P) at P is the above semigroup S (whenever P <£ H(F q 2)), and H(P) = (q,q + 1) (whenever P G H(F q2 ) [?], Thm.
Let us notice that if h G H(Q), then 3h G H(P)
; the converse also holds for p^3 (see e.g.
[?], proof of Lemma 3.4).
Case q = 2 (mod 3). We claim that P <£ H(F q 2) and Q <£ X(F q 2). To see this we first suppose that P G H(F q 2). Then m3(Q) = q + 1 and we have 4 elements in H(P) which are both congruent to zero modulo 3 and bounded by 3q + 3. This contradicts (**). Now assume that Q G X(F q2 ) so that m 3 (Q) = q + 1. We then have 3q + 3 G H(P) so that 3q + 3 > 4q -3, i.e. Case q = 1 (mod 3). We claim that P G H(F q 2). For P G H(F q 2), we have indeed just one element in H(P) which is both congruent to zero modulo 3 and less than or equal to 3q. This contradicts (**). Now the proof can be done as in the previous case, except that (2)), has to be added.
